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

H(n1, . . . , nw) = (
w∑

i=1

ni) ln(
w∑

i=1

ni) −
w∑

i=1

ni ln ni → max;
w∑

i=1

qk
i ni ≤ Lk, k = 1, m;

ni ≥ 0, i = 1, w,

� T��

� y:w ni �
�bunvqw��qvq�)w�pq�z�bunxB�)w��qpq�|{iwzvtvqun���fp��8m~è*y:u � uÙptç�lfp8y:unl i

�
qk
i �
�bu~{ipU�

�qw��zlnu
k
� � uQoqw����8oq�zmt}t�qu~�noqw��~{iwzvtvqunw��qun�U�W{q�qsqpqw�ë_lnp8y:m i

ptç%�zoqw¨y:�ÒlQormf���qw��fw
vrm*uzy:vt�_�U{iw��f�t����xBufxBwzvt�~�Ùun����mfvtunln�qp�oqun����m��

m �
un�f��wzw­�bu~{ipq�qw����flnu&lfç mfpU�

xBunvtw�ç�m~xBwzvqpqxB�>é1otwz���8oq��unlq}¶�qu~�noqw��~{r�qw�xB�>é1�zunuf�f�Qw����nlfunx��
w �

�qpq�|{iuÙlnp8y:unl
l��zufun�f�Qw����flnw��

Lk �
vqmW�qm�{i�nvqufw×��uzy:wzoIè�mfvtpqw�otwz���8oq�zm

k
l��zoqw¨y:w (

Lk ≥ 0
) X

� mWyJm��rm � T��¿�tl~{r�tw��n�¼�&x?m~�nw�x?m~�npt�qwz���8ufë��­unotx?m�{iptç mfsqpqw�ë&�qun���f��{ipqoU�nwzxBu � u���8���noqw�x?m�{i�nvtu � u��qoqpqvtsqpq�rmt}¶��u � {:mf��vquÙ�buf�nunotunx¿��y:pqvqmfxBpq�qw��z�8m~�1�zpq���nw�x?m�ptçç mWyJmfvqvtu � u���un���fu��qvqpt�Q�qwzoqw|éIuzy:pt�×l���un���fu��qvqpqw)���z�b���foqwzx?mW{i�nvqunë � l��qoqw¨y:w�{:mWéL}y:uf�t�n���npqxB�>é�pqxBw��-�QptxBpq�¼�	oqw����8oq�zmfxBp
�)���noU�U�U�f�8oqunë�� Tn}
���ÛX
��oqpqlnw¨y:wzx vqw��8u~�nunoq�)w"lfufç xBu�è.vq�)w_pqvt�fwzoq�toqw���mfstpqp����8vq�qsqpqufvrm�{:m

H(~n)pÙ���­unotx¿�W{rpqoqunlIm~vqvqu � u.���8���noqw�x?m�{i�nvtu � u_�toqpqvqsqpt�rmtX
TfX��>vU�noqun�tpt�*xBu�è*w��%ormf���zx?m~�foqpqlIm~�f�n�¼�*�8mf�QxBw�orm � ���noU�U�U�f�8oqpqoquflImfvqvquf���np"!
vtwz�buf�nufoqu � u-�zun���nu��qvtpt�k}�pU{ip � xBw�orm'uf�n�U{runvqwzvtpt�k}#� � yJm�{rwzvqvquf���np"!O���noU�U�8��~�8oq�É�zuf���nu��tvqpt��uf��w � u��nw��z���fot�8�t�f�8oqvtu � uÙmfvqm�{iu � m��%$&� X

	8X��>vU�noqun�tpt�k}J{rpqvqwzëtvqu_�8�qunoI�8y:uf�qpqlIm~�	� mfxBpD���not�8�t�~�Uot�àpDun�qpq���)lImfw�xB�)w
x?m��nwzx?m��npq�qw��z�qptxBpÂ���noU�U�U�f�8ormfxBpÒ�zuf���nu��tvqpt� w����fwz���flnwzvtvq�>éÂ��pq���fwzx)}>l
uf�qoqw|yiw�{iw�vqvqunxÔ��xB�)��{iw-l�orm~xB�UmWé'�­�8vq�U�nunoqvtu � uQxBw��nuzyJm���ormflnvtwzvqpt�.x?m���fwzx?m~�fpq�qw��z�qpUéÔ���noU�U�U�f�8o(� T)�>un�nun�f�Qmfw�� �qunvt�U�npqw*�Ê�bu~{ipq�twz���flnu���{iw�xBwzvU�
�funl&!&yq{r�æ�bunvtwz�qvq�>éæ���fot�8�t�f�8oqptoqunlImfvtvq�>éÒxBvqu�è*w����nl+�%$&� X-,<w�xS�zmfxB�)x
���b���notwzx?m�{i�fvq�)ë��toqpqvqsqpt��otw m�{ipUçz�nw���x?mf�b�zpqx¿�8x��z�b�z�rm~vq�zpqpÙ��unun�f��wz���fl
è.pqln�>é_uno � mfvtptç xBunl.�%�&� X
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x?mW{i�nvq�)ë1�qoqpqvtsqpq� xBu�è.vqu"pqvt�fwzoq�toqw��fpqoqunlIm��n�Dp1l�ptv �­unoqx?mfsqptunvqvq�>é
�fwzoqxBptvrm�é � T�� X

$tX-P­mf�Ô�~��yiw����qun�8m~ç mfvquDlDorm�ç�y:w|{iw.	 vrmf���fu��t�Qw�ë oqmf�nuf�f��}¿�zvt�foqun�qptëqvq�)ë
���b���notwzx?m�{i�fvq�)ëD�qoqpqvtsqpq� �×u � ormfvqpq�twzvqpt�txBp	�qu�oqwz���8oq� mfxÂoqmflnvqun��pU{iw�v�toqpqvqsqpt�t��xBpqvqptx?m�{i�nvqu � uÒ�quf�foqwz�~{rwzvqpt� {i�-�nu � uÒptç�{rpqxBpt�nptot�8�-�Qp8éyipqvrmfxBpq�U� otwz���8oq��vq�>é �×mf�U�nunoqufl � u � ormfvtpq�qwzvtpt�qxBp vqm�vrmfptxBwzvq� � �8�yiun�t�n���npqx¿�8� lnw�{ipt�qpqvt�Ù��vt�noquf�qpqëqvqufë�ébm~ormf�t�fwzoqpq���npq�tp1��pq���fwzxB��X

R8X��>�b���noqw�x?m�{i�nvquf���n� �­�8vq�tsqpqunvrmW{:m
H(~n)

}I�qunotuWè*yJmf���Qw � u�y:pqvrmfxBpt�t���zu~�uf�f�Qw����nlnmt}<xBu�è.vqu	pqvt�fwzoq�toqw��fpqoqunlIm��n�1pÔ�Um~� �noqw��nunlIm~vqpqw"x?mf�b�zptx?m�{i�~�
vtu � uQoqm~ç vqufun�norm~çzpt�_��pq���fwzxB��}ru � ormfvqpt�qwzvqvtu � u�y:uf���f�8�qvt�)xBp�oqw����8oq�zmfxBp��oqw|yi� � R�� X

��oqp	pq����{iw¨y:unlIm~vqpqpD���­unotx¿�W{rpqoqunlIm~vqvqunë��z�b���foqwzx?m�{r�nvqunëDç�m�yJm��qp � T��'�qotp
�f��{iunlfpqp

w > m
�n�>{&�qu~{r�8�qw�v_oI�8y_���foqu � p8é&otw�çz��{i����m~�funlq}U�zoqw¨y:p&�buf�funoq�>é � 	�� 


TfX���mf�b�zpqx¿�8x l*ç�m�yJm��qw � T��Oy:un���np � m~w��n�¼� l��fun�q�bwf} � y:w ni > 0, i = 1, w
X

	8X ,5wzunotwzx?m*���b�Qw����flnunlImfvtpt� p�w|yipqvq���flnwzvtvqun���fp�
iyq{r�"{i�%�nu � u�lnwz�U�nunorm

~L ∈ R
m
+ = {~L ∈ R

m | Lk > 0, k = 1, m}

otw � w�vqpqw*ç�m�yJm��qp � T������b�Qw����nl~�nw��W}Fw|yipqvq���flnwzvtvqu�p	ç mWyJmfw��n�¼� �­unoqx¿��{iunëlfp8y:unlnufë����not�8�t�~�8oq�

ni = n exp(−~λ, ~qi), i = 1, w,
� 	��

� yiw ~qi = (q1
i , . . . , q

m
i )
}�mÂun�f�*m�� �qpq��{rwzvqvquf���n�

n =
w∑

i=1

ni

p lnw��t�nufo
~λ = (λ1, . . . , λm)

wz���n�1oqw � wzvqpU�æ��pq���fwzxB� m�{ � wz�noqmfpq�qw��z�qpUé �8orm~lnvqw��vtpqë




w∑
i=1

exp(−~λ, ~qi) = 1;

λk

(
n

w∑
i=1

qk
i exp(−~λ, ~qi) − Lk

)
= 0, k = 1, m;

λk ≥ 0, k = 1, m.
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�UX ,5wzunotwzx?m*���form~�np��×pt�Um~sqpqp�
:ln�zw­�qotun���formfvq���nlnu

R
m
+ = {~L = (L1, . . . , Lm) | Lk > 0, k = 1, m}

�tl~{r�tw��n�¼�1un�&�Îw|y:pqvtwzvqpqw�x�vqw��qwzotwz�zw��8mf�-��pUéI�¼� �quzy:xBvtuWèQwz���fl
SJ

� ���norm��
�funl �|} vrm�énu yr�t�Qp8éI�¼�Qlfu�l~ç�mfpqxBvtu�uzy:vtufç vrm��qvtunx ��unuf�nlfw��n���nlnptpQ�Bvqwz�U�n���f�>�
xBpÔ�tu yixBvqu�è*wz���nlImfxBp

J
xBvqu�è*w����flIm

{1, 2, . . . , m}
l	�nunx �zxB�)�|{iwf}B�U�nu

w���{ip vqwz�buf�funoq�)ë lnwz�U�nuno ~L = (L1, . . . , Lm)
�qoqpqvrm�yr{iw�è.pt�D�tu yixBvqu�è*w��

���nlf�
R

m
+

}I��unuf�flnw��f���nl~�U���Qw�x¿�
J ∈ {1, 2, . . . , m}

}n�nu�yr{r�����fu � u�lnwz�t�funormç mWyJm��rm
(1)
�z�qlnptlIm�{iw�vt�nvrm�ç�mWy:mW�tw×�­orm~lnwzvq���nlIm~xBp






H(~n) → max;
w∑

i=1

qj
i ni = Lj, j ∈ J ;

ni ≥ 0, i = 1, w,

� $ �

� yiw ~n = (n1, . . . , nw)
X

� m~xBw��nptx)}L�t�fu_ç�mWyJm��rm.�Qvqwzoqmflnwzvt���nlnmfxBp
(1)
�zlnuzy:pU�n�¼� � otw|yi�8sqpqoU�nw��f�¼�
�

�
2m − 1

ç�m�yJm��rmfx
(4)
�_ormflfwzvq���nlImfxBp pÔlD�8m~è*y:unx����norm~�fw

SJ
oqw � w��vtpqw×ç mWyJm��qp

(2)
ç mflnpq��pt�&�fu~{i�n�bu&u~�.otwz���8oq��unl � p �quf�foqwz�fvqun���fwzëDl�vqpUé ��}

�toqpqvrmWyq{iw�è�m��QpUé �quzy:xBvqu�è*w����nl~�
J
X ��oqpq�twzx�pqxBw�vqvqu	���npÔoqw����8oq�z� � p

�fu~{i�n�bu�unvqp
�¶�quf�foqwz��{r�q���n�¼�Q�tu~{ivqun���n�n� � �tl~{r�t�-�n�¼�­{ipqxBpU�npqot�8���QpqxBp
�|}
�WX wfXW��unuf�nlfw��n���nlf�8���Qpqw�vtwzormflfwzvq���nlIm�ptç>u � ormfvtpq�qwzvtpqë�un�form~�*m~�-�n�¼��l'orm��lfwzvq���nlImtX

ê�vqmf���fuW�U�Qw�ë*ormf�nuf�fw �­unotx¿�W{rpqot�8�-�f�¼�*p­y:uf�Um�ç �)lImf���n�¼��vqwz�buf�funoq�)w���lnunëU�
���nlIm�ç mWyJm��qp

(1)
} �­�8vq�tsqpqunvrmW{:mQun�nun�~�Qwzvtvqunë"�zvU�noqun�tpqp

H(~n)
p"oqw � w�vqpt�"ç�mW�yJm��qp

(1)
l���{r�8�rmfw

w ≤ m
X

� ����á����Ùá��
	 �1ä
������	��
�­m~çzlImfvqpqw��nw�unoqwzxB� p w�w �­unoqx¿��{ipqotunln�8m �n�>{ipÂ�toqw|yr{ruWèQwzvq� l�orm~�nuf�nw ����� X
�>`bg��F`���h�� ���f���n� xB� pqxBwzw�x lnwz�t�funo ~λ = (λ1, . . . , λm)

}���unuf�nlfw��n���nlf�8���Qpqë
oqw � w�vqpq� (2)

ç�mWy:mW�tp
(1)
}JpD�t�n���n�

c =
m∑

k=1

λkLk
X ���f���n�_yJmfvtvq�)ë�lnwz�t�funo1oqw��

���Uot�zunl
Lk
�qotpqvrmWyr{rw�è.pt�Qvqw��buf�nunotunx¿�����noqm~�f�

SJ
}I�qoqpt�qwzx

λk > 0
yr{r�

k ∈ J
}

$



λk = 0
yr{r�

k /∈ J
X��<mf���zxBuf�foqpqxÂ�|{iw|yi�8�����8�S���8���noqw�x?m�{i�nvU�U� ç�mWyJm��t� 






w∑
i=1

qj
i ni → min, j ∈ J ;

H(~n) ≥ c;
w∑

i=1

qk
i ni ≤ Lk, k = 1, m, k 6= j.

� R �

,5u � yJm�oqw � w�vqpqw (2)
ç�mWy:mW�tp

(1)
�tl~{r�tw��n�¼�Ùuzy:vtunlnoqw�xBwzvqvqu�oqw � w�vqpqwzx �zpq���nw�xB�

(5)
XUê>w�oqvqu*p"un�noqm~�nvqufw%�b�nlnw�obè*y:w�vqpqw�
rw���{ipÙlnw��t�nufo

~n = (n1, . . . , nw) �
oqw � w��

vqptw%�zpt���nw�xB�
(5)
}I�nuQlnw��t�nufo

~n
�~��yiw��Qp.oqw � wzvqptwzx ç�mWyJm��qp (1)

�
Lj =

w∑
i=1

qj
i ni

X
��un�z�bu~{r�n�t��l��fwzoqxBuzy:pqvqmfxBpq�bw>m~vrm�{iu � pq�qvqufw?�b�flnwzoIè*y:wzvqptw�un�)���qlnpqlnm�{iwzvU�~�vquf���np�ç�m�yJm��qp.vqm­x?m~�8��pqx¿�8x��zvU�noqun�tpqp&�qotp'�­pq�b��pqoqunlIm~vqvqunx1�Uotunlnvqw'�zvtwzo � pqpç mWyJm��qw&vqm xBpqvqpqx¿�8x �zvtwzo � pqpÔ�qoqp �­pq�b��pqoqunlIm~vqvqunx��8oqunlnvtw&�zvU�noqun�tpqp lnlnw�{

�¶pq�n�f��� V��Û}>�fu �)�×ufoqx¿��{ipqoqunlnmfvqvqunw	�b�flnwzoIè*y:wzvqptw �n�>{iu vrm�ç lImfvtu � �nw�unoqwzxBufë
�¶pq�n�f� m�! ���&�ÛX

�����	��
��
�������������
��� � mf�qp � wzx+�­�8vq�tsqpqp���m � ormfvtè*m�p�vqwzuf��énuzy:pqxB�)w��f��{iu~�lnpU�Ù�z�b���foqwzx¿�8x?m.ç mWyJm��
(1)
p

(5)
X

N×{r�"ç�m�yJm��qp
(1)



L = λ0(−H(~n)) +
m∑

k=1

λk

(
w∑

i=1

qk
i ni − Lk

)
,

� � �






−λ0

∂H(~n)
∂ni

+
m∑

k=1

qk
i λ

k = 0, i = 1, w;

λk(
w∑

i=1

qk
i ni − Lk) = 0, k = 1, m;

λk ≥ 0, k = 0, m.

� V �

�B��{ip�xBvqu�è.pt�nw|{i�
λ0

oqmflnwzv��U}��fu×p�ln�zw)un����m�{i�nvt�)w)xBvqu�è&pt�fw�{ip���m � ormfvtè�m
λk, k = 1, m

y:u~{qè&vq� �n���f�"vt��{iwzlf�)xBpk}L�t�fuÙ�qoquf�fpqlnunoqw��qpt�Ù���8��wz���nlnunlnmfvqpq�
vqw�vt��{iwzlfu � u�lnw��t�nunoqm�xBvtuWè.pt�fw�{iw�ë���m � ormfvtè*mtX ��un���nunx¿�&�qoqpqxBw�x λ0 = 1

X ,<u~�
� yJm�vqw�un� éIuzy:pqxB�)w×�n��{runlnpt���z�b���noqw�x¿�Ux?m�ç�mWyJm��qp (1)

pqxBwz���&lnpby




−
∂H(~n)

∂ni
+

m∑
k=1

qk
i λk = 0, i = 1, w;

λk(
w∑

i=1

qk
i ni − Lk) = 0, k = 1, m;

λk ≥ 0, k = 1, m.

��� �

R



N×{r�"ç�m�yJm��qp
(5)

�­�8vq�tsqpt� ��m � ormfvUè�m*pqxBwzw��&lnpby 


L̃ = ν0

w∑

i=1

qj
i ni + νl

(
m∑

k=1

λkLk − H(~n)

)
+

m∑

k 6=j

νk

(
w∑

i=1

qk
i ni − Lk

)
.

� Y �

� vrm�{iu � pq�qvq�)w�ormf�����bè*y:wzvqpU���qoqptlnuzyi�t����lfufç xBu�è.vqun���fp��toqpqvt�U�n� νl = 1
XÎê

���nunx ��{r�8�rm~w�vtwzun� éIuzy:ptxB�)wÙ�f��{iuflnpt���z�b���foqwzx¿�8x?m�ç�mWyJm��qp
(5)
ç mWyJmf���n�¼���zpU�

���nwzxBufë��8ormflnvtwzvqpqë





−
∂H(~n)

∂ni
+

m∑
k 6=j

qk
i νk + ν0qj

i = 0, i = 1, w;

m∑
k=1

λkLk − H(~n) = 0;

νk

(
w∑

i=1

qk
i ni − Lk

)
= 0, k = 1, m, k 6= j;

νk ≥ 0, k = 1, m.

� T�� �

� mfxBw��npqx)}-�t�nuÒ�qoqp��tu yi����mfvqufln�bw �×ufoqx¿��{i� lnp8y:unlfunëÉ���fot�8�t�f�8oq�
(2)

l
�­unoqx¿��{r��yr{r�

H(~n)
�qu~{q�U�qmfwzx

H(~n) =
m∑

k=1

λkLk
�WXZw~X¶lf�nufoqunw��Uoqmflnvqw�vqpqw��zpU�

���nwzxB�
(10)

lnwzotvquq}km.un����m�{r�nvq�)wQ�8ormflnvtwzvqpt�	�zpq���nwzx
(10)

p
(8)
�zufln�rmWyJm~�-�"�

�fun�qvqun���n�n� yiu	un�nufçzvrm��qwzvtpqë xBvqu�è&pt�fw�{iw�ë ��m � ormfvUè�m � pt�z�U{i�-�rm~�ÔpUç"�zpq���nw|�xB�
(8)
�8ormflfvqwzvqptwÙyr{r�

k = j
��X ,<mf�qpqx un�norm~çzunx)}Boqw � wzvtpqw�ç mWyJm��qp (1)

�ql��
{r�tw��f�¼�D�z�b���foqwzx?mW{i�n�àç�m�yJm��qp

(5)
XJP�oqunxBw­�nu � uq}L�qotp	ln�)�qu~{rvqwzvqptpDormflnw�vq���flIm

Lj =
w∑

i=1

qj
i ni

�tu~{r�8�rmfw�x)}t�t�fuQln�)orm~èQwzvqpqw
λj

(
w∑

i=1

qj
i ni − Lj

) orm~lnvqu�vU�W{r�Òyr{r�
ln��w�é�ç vrm��qw�vqpqë

λj
}Jm.uf����m�{i�fvq�)w*vqwzuf��énuzy:pqxB�)wQ�n�|{iunlnpU�D�z�b���foqwzx¿�8x?m"ç�mWy:mW�tp

(1)
��unln�rmWy:mf�-�×�)�zufuf�nlnw��n���nlf�8�-��pqxBp_�n�|{iunlnpU�qxBp�ç�mWyJm��qp

(5)
���nun�tvqun���f�n� y:u

un�fufç vrm��qw�vqpqë�xBvqu�è&pU�nw�{rwzë���m � ormfvtè*m ~ν
p ~λ
X

��un�z�bu~{r�n�t�Ù{ipqvqw�ëqvq�)w*�bunxB�npqvqmfsqpqp w∑
i=1

qk
i ni, k = 1, m

p ���8vq�qstpt� �
H(~n)�tl~{r�q���n�¼��ln�)�t�8�U{i�)xBp �­�8vq�tsqpt�qxBpL}5mÙxBvqu�è.pt�nw|{ip ��m � ormfvtè�m"�qotp �z�b���noqw|�xBptçzpqot�fwzxB�>é ���Uvt�qsqpt�8é�ç�mWy:mW�

(1)
p

(5)
u~� {ipq�qvq� uf�evt��{r� � xBvqu�è.pt�nw|{i�

ν0 6= 0
}n��mf�_�8mf�&w�x¿���zunuf�flnw��f���flf�nw��.xBvtuWè.pt�fw�{i�

λj > 0, j ∈ J
��}n�fuq}U��u � {:mf��vqu�fwzunoqw�xBw_P��8vrm�� ,¿mf�q�bw�orm � � �Û}¶vrmfëby:wzvqvt�)w&�z�b���noqw�x?m�{ip��ql�{r�q���n�¼��oqw � wzvqpt�txBp��unuf�nlfw��n���nlf�8���QpUé	lImfoqprm~sqpqunvqvt�>é"ç�mWy:mW�LX

�
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��� �×ãÙã
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	 ä�ä

�>`bg��F`���h��:N×{r� ���Uvt�qsqpqunvqm�{:m
H(~n) (n = n(~L))

ln�)�qu�{ivt�qw��n�¼���zlnufëq���flnu 


∂H

∂Lk
≥ 0, k = 1, m.

�����	��
��
��� � ��� ��� ����
>u � {:mf��vqu��fwzunotwzxBw×���noqm~�np �­pq�8mfstpqpk}:�qoqpqlnw¨y:wzvtvqunë�l�oqm~ç��y:w|{iw�Tn}rln��w×�toqun���formfvq���nlnu

R
m
+ = {~L = (L1, . . . , Lm) | Lk > 0, k = 1, m}

orm~�z�rmWy:mfw��f�¼��vrm
2m−1

vtwz�qw�oqwz��wz�8mf�-��pUéI�¼�Q�quzy:xBvqu�è*wz���nl
SJ , J ⊂ {1, . . . , m}

X
ê �8m~è*y:unx ���norm��nw

SJ
ç�m�yJm��rm�� vqw�ormflnw�vq���flImfxBp

(1)
���qlnpqlImW{iwzvt�fvrm�ç�mWy:mW�tw

��ormflnw�vq���flImfxBp
(4)
X �<m~�z�zxBu~�noqpqx ◦

SJ �
lnvU�8�foqwzvtvqun���f� ���noqm~��m

SJ
}��buf�funorm~�

ln��yiw�{r�tw��n�¼�Ì�n�|{iunlnpqw�x
λj > 0, j ∈ J

� 	��ÛX�N×{r�e�z�b���foqwzx?mW{i�nvqunëÉç mWyJm��qpe�
u � ormfvqpt�qwzvqpU�qxBp l�lnpby:w­ormflnw�vq���fl (4)

l ◦

SJ
ln�)�qu�{ivqwzvtu 


∂H

∂Lj
= λj, j ∈ J

p ∂H

∂Lk
= 0, k /∈ J,

� y:w λj �
�zunu~�nlnw��n���flf�8�-��pqë�xBvtuWè.pt�fw�{i� ��m � ormfvtè*mtX
��oqpqlnw¨y:wzx y:uf�Um�ç�m~�fw�{i�~����nlnuQ���nu � u �×mf�t��mQ�zu � {:mf�zvtu��nw�unoqwzxBw�u­y:p � �­wzoqw�vqsqpqoquflImfvqpqp"���b���notwzxBw�çzpqot�I�w�xB�>é��­�8vq�tsqpqë �ZY&�ÛX

�<m~�z�zxBu~�noqpqxÂ��pq���fwzx¿�Ù�8ormflnvtwzvqpqë





∂(−H(~n))
∂ni

+
∑

j∈J

∂
(

w∑
i=1

qj
i ni − Lj

)

∂ni

λj = 0, i = 1, w;

w∑

i=1

qj
i ni = Lj + lj, j ∈ J.

� TnT��

���n���n�
~n∗ �

oqw � wzvtpqw�ç�mWy:mW�tp (4)
}8m ~λ∗ �

xBvqu�è.pt�nw|{i� ��m � oqmfvtè�mt}b��unuf�nlfw��~����nlf�8�-��pqëD���funx¿��oqw � wzvqpq��X ,5u � yJm.otw � w�vqpqw�xÌ��pq���fwzxB���8ormflnvqw�vqpqë (11)
uf���

vquf�zpt�fw�{i�nvtu �qw�oqwzxBw�vqvq�>é
(~n, ~λ, ~l)

�ql�{r�qw��n�¼� �nun�q�8m
(~n∗, ~λ∗, 0)�

~n = (n1, . . . , nw)
}ÎmÙ�bunxB�tunvqwzvU�n� lnw��t�nunotunl ~λ

p ~l
wz���n�

λj
p

lj, j ∈ J
��unuf���

lnw��n���nlnw�vqvqu �|}q�qun���8u�{i�n�t�&lQ���funx ��{r�8�rmfw���pq���fwzx?m
(11)

�qoqw�lnorm~�Qmfw��f�¼��l�vqwzun���
énu yipqxB�)w×�f��{iuflnpt���z�b���foqwzx¿�8x?m.ç mWyJm��qp

(4)
X

V



��oqpqxBw�vqwzvqptw-�nw�unoqw�xB�Âu×vtw��qlfvqunë ���8vq�qstpqp&���zpq���nw�xBw
(11)

� uf�nun�zvtunlImfvqptw
lnu~ç xBu�è&vtun���fpæ�qoqptxBwzvqw�vqpt� yJm~vqvqunë��nwzufoqwzxB� xBu�è&vtu�vrm~ët�np l�sqpt�fpqot�nw�xBunë
orm~�nuf�nw �ZY&� �¿y:mfw��*�|{iw|yr�U���Qpqë�oqw�çz��{i����m~� 
i���8��wz���nlf�fw��

δ > 0
p ���8vq�qstpqp

ni(~l)p
λi(~l), i = 1, w

�
ni(~l) ∈ C1

}
λi(~l) ∈ C1

vrm
S(0, δ)

����mf�qpqw~}:�U�nu

∂(−H[~n(~l)])

∂ni

+
∑

j∈J

λj(~l)
∂
(

w∑
i=1

qj
i ni(~l) − Lj

)

∂ni

= 0, i = 1, w
� T�	 �

p
w∑

i=1

qj
i ni(~l) − Lj = lj, j ∈ J.

� T�� �

��oqpÙ���funx
~n(0) = ~n∗ } ~λ(0) = ~λ∗ X

���z�qu�{i�fçz�~�
(12)

}qxBu�è.vquQç�mf�tpq� m~�f�&ln�)oqm~è*wzvtpqw

∂ni(~l)

∂lk
∂(−H(~n))

∂ni

+
∑

j∈J

∂ni(~l)

∂lk
λj(~l)

∂
(

w∑
i=1

qj
i ni − Lj

)

∂ni

= 0, i = 1, w k ∈ J

pU{rp

∂(−H[~n(~l)])

∂lk
= −

∑

j∈J

∂ni(~l)

∂lk
λj(~l)

∂
(

w∑
i=1

qj
i ni − Lj

)

∂ni

, i = 1, w k ∈ J
� T#$ �


 yiot� � unë��zuf�funoqunvq��}Uyip � �×w�oqwzvtsqpqot�~� (13)
}q�qu~{r�8�qptx






I =
∂
(

w∑
i=1

qj
i ni(~l) − Lj

)

∂lk
= ∂ni

∂lk

∂
(

w∑
i=1

qj
i ni − Lj

)

∂ni
, j ∈ J, j = k;

0 = ∂ni

∂lk

∂
(

w∑
i=1

qj
i ni − Lj

)

∂ni
, j ∈ J, j 6= k.

� TWR �

å ���Îw¨y:pqvt�U�
(14)

p
(15)

�tu~{r�8�rmfw�x�

∂

∂lk
(−H[~n(~l)]) = −λk(~l).

� T � �
�<m~�z�zxBu~�noqpqxæ�qwzoqw�xBwzvqvU�U�

zk = Lk + lk
X ��xBwz�-�.xBwz���nu���{iw¨yi�8�-��pqw���unuf�~�

vqu � wzvtpt��

∂H

∂Lk
=

∂H

∂zk

∂zk

∂Lk
;

∂H

∂lk
=

∂H

∂zk

∂zk

∂lk
;

∂H

∂Lk
=

∂H \ ∂lk

∂zk \ ∂lk
∂zk

∂Lk
= λk.

�



��un�z�bu~{r�n�t��l ◦

SJ
xBvqu�è&pU�nw�{rp ��m � ormfvUè�m�oqw � w�vqpt�Ôç�m�yJm��qp (4)

�qu�{iu�è&pU�
�fw�{i�nvt�

λj > 0, j ∈ J
}<m l

SJ
ç mWyJm��qp

(1)
p

(4)
�z�qlfpqlIm�{iw�vt�nvt��}<�nuDpqxBw�wzx

∂H/∂Lk ≥ 0, k = 1, m
l ⋃

J

◦

SJ
yr{r�Òç mWyJm��qpÒ��u � orm~vqpq�qw�vqpt�qxBpel lnp8y:w

vqw�ormflnw�vq���fl
(1)
X

å �nxBw��npqx)}��U�nuÂ�qoqp�ptvt�nw�oq�qoqw���mfsqpqp oqwz���Uot�zunl
Lk
�8mf��xBw���mf�nu~{ipt�qwz���8u��

� u lnoqw�xBwzvqp���pq���fwzxB� � T��&��y:un�8m~ç mfvqvrm����nw�unoqw�x?mÒ����mfvqunlfpt�n�¼� mfvqm�{iu � unx��'��fwzunoqw�xB���>u~{i�nstx?mfvrm-u-lnufçzormf����m~vqpqp*�zvU�noqun�tpqp*����m~�fpq���fpq�qw��z�bunë&��pq���fwzxB� xBu~�
vqu~�nunvqvtu.�rm~ormfxBw��fot�Ùlnoqw�xBwzvqpLX

� Þ 	��Ùä
	���ä �×ãÙã 	�� � 	%â 	
	
	 â���� �
����	 	��
w ≤ m

��oqw�è�y:w~}I�qwzx ���­unoqx¿��{ipqotunlIm~�f���b�nlnw�oIè�y:w�vqpqw~}t�qoqptlnw|y:w�x�w���w%orm�ç%un�toqw|y:w|{iw��
vqptwQvqwzuf��énuzy:pqxBu � u��qufvt�t�fpt�kX �×pqxBpU�npqot�8���QpqxÌvrm~ç �)lnmfw��f�¼��otwz���8oq�~}¶�quf�foqwz�~�{r�twzxB�)ë.�zunun�~�Qwz���nlnufx�ptç��zoqw¨y:� �qu�{ivqun���n�n��}8�U�nu�vqm×x?m~�fwzx?m~�fpq�qw��z�bunx��tçz�)�bw
ufçzvrm��rmfw��.uf�norm~��wzvqpqw���unuf�flnw��f���nl~�U���Qw � u"pq�·énu yivqu � u��Im�{imfvq�zuflnu � u*u � ormfvtpq�qw��vqpU�	ç�mWy:mW�tp
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